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SEMI-LOCALIZATIONS OF SEMI-ABELIAN
CATEGORIES
MARINO GRAN AND STEPHEN LACK
Abstract. A semi-localization of a category is a full reflective
subcategory with the property that the reflector is semi-left-exact.
There are many interesting examples of semi-localizations, as for
instance any torsion-free subcategory of a semi-abelian category.
By specializing a result due to S. Mantovani, we first character-
ize the categories which are semi-localizations of exact Mal’tsev
categories. We then prove a new characterization of protomod-
ular categories in terms of binary relations, allowing us to ob-
tain an abstract characterization of the semi-localizations of exact
protomodular categories. This result is very useful to study the
(hereditarily)-torsion-free subcategories of semi-abelian categories.
Some examples are considered in detail in the categories of groups,
crossed modules, commutative rings and topological groups. We
finally explain how these results extend the corresponding ones
obtained in the abelian context by W. Rump.
1. Introduction
In many areas of mathematics it is useful to localize a problem, so
that one can temporarily focus on behaviour which is at or near a
certain “location”, such as a point in a space or a prime ideal in a ring.
For a more detailed example, if p is a prime ideal in a commutative
ring R, and S is the complement R \ p, then we may localize at p by
forming the ring S−1R of fractions. Then restriction along the canonical
map R → S−1R determines a fully faithful functor S−1R-Mod →
R-Mod with a left adjoint sending an R-module M to the localized
module S−1M ; furthermore, this left adjoint is an exact functor, and
in particular preserves finite limits. Thus we can identify S−1R-Mod
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with a full reflective subcategory of the category R-Mod of R-modules
for which the reflector preserves finite limits.
A similar situation occurs when X is a topological space and U an
open set in X : the category AbSh(U) of sheaves of abelian groups on U
can be identified with a full reflective subcategory of the corresponding
category AbSh(X) for which the reflector preserves finite limits.
Motivated by these and similar examples, a localization of an abelian
category C is defined to be a full reflective subcategory B for which
the reflector L : C → B preserves finite limits (equivalently, for which
the reflector is an exact functor).The resulting category B is always
abelian; conversely, the Gabriel-Popescu theorem [21] asserts that the
Grothendieck abelian categories of [27] are precisely those categories
which occur as localizations of R-Mod for a commutative ring R.
Localizations of abelian categories have been studied intensively, and
understood from many points of view. For example, given a localization
L : C → B, we may consider the class Σ of morphisms f in C for which
Lf is invertible, or we may consider the full subcategory T consisting
of all C ∈ C for which LC = 0. A full subcategory T of C arising in this
way for some localization of C is called a localizing subcategory. If C
is locally presentable, and in particular if C is the category of modules
over some ring, then such localizing subcategories have an elementary
characterization, and are in bijective correspondence with localizations
of C.
Then again, given the localization L, we may define the full subcat-
egory X consisting of those C ∈ C for which the reflection C → LC
is a monomorphism. This X forms part of a hereditary torsion theory
in C, in the sense of the following definition, when equipped with the
corresponding localizing subcategory T .
Definition 1.1. Let C be a category with a zero object as well as
kernels and cokernels. A torsion theory (T ,X ) in C consists of full
(replete) subcategories T and X of C such that
• if T ∈ T and X ∈ X , then the only morphism from T to X is
the zero morphism T → 0→ X ;
• for every object C ∈ C there is a short exact sequence
0 // TC
tC // C
ηC // LC // 0 (1.1)
with TC ∈ T and LC ∈ X .
The torsion theory is said to be hereditary if T is closed in C under
subobjects.
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Once again, if C is a locally presentable abelian category then local-
izations on C are in bijection with hereditary torsion theories, via the
correspondence described above.
The prototypical example of a (hereditary) torsion theory has C the
category of abelian groups, with T = Abt. the full subcategory of tor-
sion abelian groups and X = Abt.f. the full subcategory of torsion-free
abelian groups; in this case the short exact sequence (1.1) is the one de-
termined by the subgroup TC of torsion elements of the abelian group
C. For any prime p there is a radical in the category of abelian groups
involving p-torsion: indeed, the p-primary component TpC of the sub-
group TC of all torsion elements of an abelian group C is a radical,
that naturally induces a hereditary torsion theory for each prime p.
By analogy with the classical example (Abt.,Abt.f.) just recalled, for a
general torsion theory (T ,X ) in an abelian category C, the subcate-
gory T is still called the torsion subcategory and the subcategory X
the torsion-free subcategory.
For non-abelian algebraic structures, the interpretation of the con-
cept of localization as a finite limit preserving reflector seems to be
highly inadequate even in the most fundamental cases. For instance,
in the non-abelian category Grp of groups there is no non-trivial local-
ization (as explained in [2], for instance). This naturally leads to more
subtle notions in order to capture the concept outside the additive
context of abelian categories.
Torsion theories were first studied for categories of modules; the case
of general abelian categories goes back to [15], while they have recently
been studied in non-abelian contexts by various authors [9, 14, 26, 39,
31, 17, 18]. In particular, they have been studied in homological cat-
egories [3]: these are categories which are finitely complete, pointed,
regular, and protomodular [6]. This latter property reduces, in the pres-
ence of a zero-object, to the validity of the Split Short Five Lemma.
The categories of groups, rings, Lie algebras, loops, crossed modules,
C∗-algebras, cocommutative Hopf algebras (over a field of characteris-
tic zero) [25], and topological groups are all examples of homological
categories. A torsion-free subcategory X of a homological category C is
again a homological category: this follows from the fact that limits are
computed in X as in C, and the factorization f = ip in C of any arrow
f in X as a regular epimorphism p followed by a monomorphism i is
also the required factorization of f in X , since X is closed in C under
subobjects.
Most of the non-abelian examples of torsion theories which have
recently been discovered involve a base category C which is not just
homological, but semi-abelian [28]. Recall that a homological category
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with binary coproducts is semi-abelian when it is also Barr-exact: any
equivalence relation in it occurs as the kernel pair of an arrow. All
the examples of homological categories mentioned above, except the
category of topological groups, are in fact semi-abelian. For instance,
the semi-abelian category C = XMod of crossed modules contains the
torsion theory (T ,X ) = (Ab,NormMono) (see Example 6.2), where
NormMono is its full subcategory of normal monomorphisms and Ab
its full subcategory of abelian groups (an abelian group A is seen here
as a crossed module of the form A→ 0). Further nice examples in the
semi-abelian context are provided by the torsion theory (Nil,Red) of
nilpotent rings and reduced rings in the category CRng of commutative
rings (Example 6.3), or by the torsion theory (Grp(Conn),Grp(Prof)) of
connected and profinite groups in the category Grp(Comp) of compact
Hausdorff group (see [17]).
Unlike the homological case, it is no longer true that a torsion-
free subcategory of a semi-abelian category is again semi-abelian, as
the classical example of torsion-free abelian groups in the category of
abelian groups recalled above shows. It is then natural to look for an
abstract characterization of those homological categories which occur as
torsion-free subcategories of a semi-abelian category. This problem is
the origin of the present work.
A better understanding of this problem, leading to a solution, can
be obtained by looking at it from a more general perspective, and by
“weakening” the notion of localization to that of semi-localization. A
remarkable property of the reflection
C ⊥
L //
X
U
oo
where U : X → C is the inclusion functor and L : C → X the reflector to
a torsion-free subcategory, is that the reflector L, although not exact,
is semi-left-exact in the sense of [13]. This means that the reflector
L : C → X preserves all pullbacks of the form
P //

UX
Uf

Q
ηQ
// ULQ,
where f : X → LQ is an arrow in X , and ηQ is the Q-component of the
unit η of the adjunction. This kind of adjunction plays a central role
in Categorical Galois Theory, where the term admissible adjunction
is also used (see [5], for instance). Following [37, 38, 39], we call a
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full reflective subcategory X of a category C a semi-localization if the
reflection is semi-left exact.
This significance for us of these semi-localizations is the result of
[9] (see also [14, 17, 31]) that the torsion-free subcategories of a ho-
mological category are precisely the semi-localizations for which the
(components of the) reflector are regular epimorphisms.
Semi-localizations of exact categories have been studied by S. Man-
tovani in [37], using the exact completion of a regular category [12,
19, 34, 41]. This construction is briefly recalled in Section 2, while
Mantovani’s result together with an application to the study of semi-
localizations of exact Mal’tsev categories are given in Section 3. In
order to study semi-localizations of exact protomodular and of semi-
abelian categories it is important to understand the behaviour of the
protomodularity property with respect to the construction of the exact
completion of a regular category. The key result for this is given in
Section 4, where a new characterization of protomodularity in terms
of binary relations is given (Theorem 4.8), extending a theorem of Z.
Janelidze [32]. This result easily implies that the exact completion of a
regular protomodular category is again protomodular (Proposition 5.2),
showing a difference between the properties of protomodularity and
normality (see the last paragraph of [24]). The solution of the problem
of characterizing torsion-free subcategories of semi-abelian categories is
then given in Theorem 5.6. Some examples are explained in detail, and
the relationship between the property characterizing semi-localizations
of exact categories and the one saying that regular epimorphisms are
effective descent morphisms is clarified (see Remarks 3.4 and 5.9). Sec-
tion 6 deals with the hereditarily-torsion-free subcategories. The main
results are then specialized to the context of abelian categories, re-
covering in particular two results due to W. Rump [40] concerning
torsion-free subcategories of abelian categories.
Acknowledgement. The first author thanks Tomas Everaert for use-
ful conversations on the subject of this article.
2. The exact completion of a regular category
In this section we recall the fundamental construction which will be
crucial to everything that follows, and some of its important properties.
The 2-category of regular categories, regular (=finite limit and regu-
lar epimorphism preserving) functors, and natural transformations has
a full sub-2-category consisting of the exact categories. The inclusion
2-functor has a left biadjoint, taking a regular category X to its exact
completion as a regular category. We write Xex/reg for the resulting
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category; it is quite different to its exact completion as a category with
finite limits.
We recall below a construction [36, 41, 19] of the category Xex/reg
using the calculus of relations. First recall that, for a category X with
finite limits, a relation from an object X to an object Y is a subobject
of the product X × Y ; since these can equally be seen as subobjects of
Y ×X , any relation R from X to Y determines an opposite relation R◦
from Y to X . As usual, we identify a morphism f : X → Y with its
graph
(
1X
f
)
: X → X × Y , seen as a relation from X to Y . A relation
of this form is often called a map. A relation R from an object X to
itself is called a binary relation on X . Such a binary relation is said
to be reflexive if 1X ≤ R, and symmetric if R ≤ R
◦ (or equivalently
R◦ ≤ R, and so R = R◦).
If X is regular, then there is a bicategory Rel(X ) whose objects
are the objects of X , and whose morphisms are the relations between
them. A binary relation R is said to be transitive if the composite
RR satisfies RR ≤ R, and an equivalence relation if it is reflexive,
symmetric, and transitive. The following properties follow immediately
from the definition of composition of relations (see [11], for instance, for
further properties of the composition of relations in a regular category):
Lemma 2.1. Let p : X → A be any arrow in a regular category C.
Then:
(a) p◦p is the kernel pair of p;
(b) pp◦ = 1 if and only if p is a regular epimorphism.
Equivalence relations are always idempotent in Rel(X ). One can
freely split these idempotents to obtain a new bicategory Q(Rel(X )),
and this is once again a bicategory of relations. The category of maps
in Q(Rel(X )) is then Xex/reg.
For an alternative construction of Xex/reg, based on embedding X in
the category of sheaves for the regular topology, see [34].
The unit I : X → Xex/reg for the biadjunction is fully faithful, and
its image is closed under subobjects. The universal property means in
particular that if D is any exact category and F : X → D is a regular
functor, then there is an essentially unique regular functor G : Xex/reg →
D with FI ∼= G. In fact the construction of Xex/reg given above is clearly
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functorial, with respect to regular functors, and so we get a diagram
X
F //
I

D
I′

Xex/reg
Fex/reg
// Dex/reg,
of regular functors which commutes up to isomorphism, in which I and
I ′ are components of the unit of the biadjunction. Since D is exact,
I ′ is an equivalence, and composing its inverse with Fex/reg we get the
required G.
Proposition 2.2. Let X be a regular category and D an exact category,
with F : X → D a fully faithful finite-limit-preserving functor.
(a) If the image of F is closed under subobjects then F is a regular
functor.
(b) In this case, the induced regular functor G : Xex/reg → D is fully
faithful.
Proof. (a) We must show that F preserves regular epimorphisms. Sup-
pose then that p : X → Y is a regular epimorphism in X , and that
Fp : FX → FY factorizes through some subobject D ≤ FY ; since
the image of F is closed under subobjects, this gives a factorization
of p through a subobject which is mapped to D. Since p is a regular
epimorphism, this subobject must be trivial, whence so too is D.
(b) The regular functor F : X → D induces a homomorphism of
bicategories Rel(X )→ Rel(D), which is fully faithful since the image of
F is closed under subobjects. Splitting the equivalence relations gives a
fully faithful homomorphism Q(Rel(X ))→ Q(Rel(D)), and now taking
maps gives a fully faithful regular functor Xex/reg → Dex/reg; but this is
just Fex/reg.
Since D is exact, the unit map I ′ : D → Dex/reg is an equivalence,
and the composite of its inverse with Fex/reg is isomorphic to G, which
is therefore fully faithful. 
Proposition 2.3. Let X be a regular category and D an exact cate-
gory, with F : X → D a regular functor. The induced regular functor
G : Xex/reg → D is an equivalence if and only if F is fully faithful, the
image of F is closed under subobjects, and for every object D ∈ D there
is a regular epimorphism q : FX → D.
Proof. If G is an equivalence, then we should prove that I : X → Xex/reg
satisfies the conditions in the proposition. If D ∈ Xex/reg, the existence
of a regular epimophism q : IX → D follows from the construction
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given above. If m : D → IY is a subobject of an object IY in the
image of I, then the composite mq : IX → IY is in the image of I.
Since I is a regular functor, it must preserve the kernel pair of mq, and
the quotient of this kernel pair, and this implies that the subobject D
is itself in X .
Suppose conversely that F : X → D satisfies the conditions in the
proposition. Then G is fully faithful by the previous proposition, and
so it will suffice to show that G is essentially surjective on objects.
Given D ∈ D, let q : FX → D be a regular epimorphism; then the
kernel pair of q is an equivalence relation in Rel(X ) on X , and so an
object of Q(Rel(X )), and its image in Q(Rel(D)) is isomorphic to D.
Thus Fex/reg is an equivalence of categories, and hence so too is G. 
3. Semi-localizations of exact Mal’tsev categories
An abstract characterization of the categories which occur as a semi-
localization of an exact category was first discovered by S. Manto-
vani in [37]. In this section we begin by giving a (slightly different)
proof of Mantovani’s result (Theorem 3.3), mainly to make this arti-
cle more self-contained. We then specialize it to the case of Mal’tsev
categories (Theorem 3.6), getting an abstract characterization of semi-
localizations of exact Mal’tsev categories. We then observe that topo-
logical Mal’tsev algebras form a category which is a semi-localization
of an exact Mal’tsev category.
Proposition 3.1. Let X be a semi-localization of an exact category
C. Then X has stable coequalizers of equivalence relations (and so in
particular X is regular).
Proof. Let us denote by U : X → C the inclusion functor, and by
L : C → X its left adjoint. The functor U preserves finite limits, and
so equivalence relations in X are also equivalence relations in C. But
C is exact, so in particular has coequalizers of equivalence relations,
while the reflector L, like any left adjoint, preserves coequalizers; thus
X does have coequalizers of equivalence relations.
To see that they are stable, consider a diagram
US
//
//

UX ′ //

Q′ //

UY
Uf

UR
//
// UX // Q ηQ
// ULQ
where R is an equivalence relation in X on the object X and Q is the
coequalizer in C, while ηQ : Q→ ULQ is the unit of the reflection. Thus
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the composite UX → ULQ is the coequalizer in X of the equivalence
relation R. Let f : Y → LQ be a morphism in X , then form the rest of
the diagram using pullbacks in C of Uf . By stability of coequalizers of
equivalence relations in C, Q′ is the coequalizer in C of the equivalence
relation S. By semi-left exactness the reflector L inverts the map Q′ →
UY , which means in turn that X ′ → Y is the coequalizer of S. This
proves the stability of coequalizers of equivalence relations in X . 
Proposition 3.2. If X has stable coequalizers of equivalence relations,
then the inclusion U : X → Xex/reg has a semi-left-exact left adjoint
L : Xex/reg → X , and the units are regular epimorphisms.
Proof. If X has coequalizers of equivalence relations then certainly
1 : X → X satisfies the conditions for a left Kan extension along U
to exist. The resulting functor L : Xex/reg → X is left adjoint to U .
The components of the adjunction will be regular epimorphisms be-
cause X is closed in Xex/reg under subobjects. We need to show that
stability of the coequalizers of equivalence relations implies semi-left
exactness of the reflector L : Xex/reg → X .
We need to show that a pullback square in Xex/reg as in the right
square of the diagram
US
//
//

UX ′ //

Q′ //

UY
Uf

UR
//
// UX // Q ηQ
// ULQ
is preserved by L. By the construction of Xex/reg, the object Q appears
as the coequalizer of an equivalence relation R in X on an object X .
Complete the rest of the diagram by forming pullbacks.
Since coequalizers of equivalence relations in Xex/reg are stable under
pullbacks, Q′ is the coequalizer in Xex/reg of the equivalence relation
S on X ′. Since L preserves coequalizers, LQ′ is the coequalizer of S,
while by stability of coequalizers of equivalence relations Y is also this
coequalizer. Thus the comparison LQ′ → Y , as in
S
//
//

X ′ //

LQ′ //

Y

R
//
// X // LQ LQ
is invertible, and the reflector L : Xex/reg → X is indeed semi-left exact.

We are now ready to prove the following
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Theorem 3.3. [37] For a category X , the following conditions are
equivalent:
(a) X has finite limits and stable coequalizers of equivalence relations
(and so in particular is regular);
(b) X is a semi-localization of an exact category C;
(c) X is a semi-localization of an exact category C, and the units of the
reflection are regular epimorphisms;
(d) X is regular, and is a semi-localization of its exact completion
Xex/reg as a regular category.
Proof. Since X is closed in Xex/reg under subobjects, if it is reflective
then the units of the reflection are regular epimorphisms. Thus (d)
implies (c), and clearly (c) implies (b). The implication (b) implies (a)
is given by Proposition 3.1, and (a) implies (d) by Proposition 3.2. 
Remark 3.4. Any category X satisfying the equivalent conditions of
Theorem 3.3 has the property that regular epimorphisms are effective
for descent. Indeed, regular epimorphisms are always descent mor-
phisms in any regular category (see [29], for example). To see that
regular epimorphisms are effective for descent in X , knowing that they
are so in Xex/reg, it suffices to check the following: given any pullback
in Xex/reg along a regular epimorphism p : E → B in X
E ×B A
pi2 //
pi1

A
f

E
p
// B
(3.1)
the object A belongs to X whenever E ×B A is in X (see Corollary
2.7 in [30]). For this, it suffices to show that the A-component ηA of
the unit of the adjunction is an isomorphism, and this follows easily
from the semi-left exactness of the reflector L : Xex/reg → X , together
with the fact that pulling back along a regular epimorphism in Xex/reg
reflects isomorphisms.
A natural question is then the following: is a regular category with
the property that regular epimorphisms are effective descent morphisms
necessarily a semi-localization of an exact category? The answer to this
question is negative, and an explicit counter-example will be given in
Remark 5.9.
Remark 3.5. We have characterized, for a category X , when there exists
some exact category C of which X is a semi-localization. On the other
hand, we cannot hope to recover C from X , as the following example
shows. Let C be the category Ab2 whose objects are homomorphisms
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of abelian groups, and whose morphisms are commutative squares in
Ab. The (image of) the fully faithful functor Ab → Ab2 sending an
abelian group A to the identity morphism A → A has a left adjoint
Ab2 → Ab sending a morphism to its codomain, and this left adjoint
is in fact continuous. Thus Ab is not just a semi-localization, but
a localization of Ab2. On the other hand, Ab is already exact, so
Abex/reg is just Ab itself. The same example is relevant to all the other
characterizations of semi-localizations given in the paper. Remark that
there is another fully faithful functor Ab → Ab2, sending an abelian
group A to the morphism 0→ A, admitting as left adjoint the cokernel
functor coker : Ab2 → Ab, which is semi-left-exact (see Section 1 in [16],
for instance). Accordingly, Ab can be seen as a semi-localization of Ab2
in two different ways.
In the following sections, we prove variants of Theorem 3.3 involv-
ing semi-localizations of exact categories with extra properties of some
type, such as being protomodular, semi-abelian, or abelian. We are
now going to give a prototype for these theorems, involving the struc-
ture of Mal’tsev category [11]. Recall that a finitely complete category
C is a Mal’tsev category if any reflexive relation in C is an equivalence
relation; or, equivalently, if any reflexive relation in C is symmetric.
We are now ready to prove the following:
Theorem 3.6. For a category X , the following conditions are equiva-
lent:
(a) X is a regular Mal’tsev category, and has stable coequalizers of
equivalence relations;
(b) X is a semi-localization of an exact Mal’tsev category C;
(c) X is a semi-localization of an exact Mal’tsev category C, and the
units of the reflection are regular epimorphisms;
(d) X is a regular Mal’tsev category, and is a semi-localization of its
exact completion Xex/reg as a regular category.
Proof. Given Theorem 3.3, we need only show that (b) implies that X
is a Mal’tsev category, and that if X is a Mal’tsev category then so is
Xex/reg. The first of these is straightforward: any full subcategory of
a Mal’tsev category closed under finite limits is a Mal’tsev category,
so in particular this is the case for any full reflective subcategory of a
Mal’tsev category. We record the second as the following proposition,
whose proof therefore completes the proof of this theorem. 
Proposition 3.7. If X is a regular Mal’tsev category, then Xex/reg is
also a Mal’tsev category.
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Proof. Let R be a reflexive relation in Xex/reg on an object A. Cover A
with a regular epimorphism p : X → A, where X ∈ X . Let S be the
inverse image p◦Rp of R along p. Then 1 ≤ p◦p ≤ p◦Rp = S and so S
is also reflexive. Since X is a Mal’tsev category, S is then symmetric.
But now R = pp◦Rpp◦ = pSp◦ ≤ pS◦p◦ = R◦ and so R is symmetric.
This proves that Xex/reg is also a Mal’tsev category. 
Example 3.8. Let T be a Mal’tsev algebraic theory; that is, an al-
gebraic theory having a ternary term p(x, y, z) satifying the identities
p(x, y, y) = x and p(x, x, y) = y. The category T(Top) of topological
Mal’tsev algebras is simply the category of models of the theory T in
the category Top of topological spaces. It is well-known that T(Top) is
a regular Mal’tsev category, with regular epimorphisms given by open
surjective homomorphisms (see [33], for instance). This category cer-
tainly has stable coequalizers of equivalence relations, since a coequal-
izer pi : X → X/R of an equivalence relation R on X is computed in
T(Top) in the same way as in the exact Mal’tsev category T(Set) (the
corresponding variety of universal algebras) by putting the quotient
topology on X/R. Since in T(Top) quotient maps are open, they are
pullback stable, and this gives the result. By Theorem 3.6 the category
T(Top) is then a semi-localization of an exact Mal’tsev category. Ob-
serve that T(Top) is not exact, in general: given an internal equivalence
relation R
//
// A in T(Top) on a topological algebra A, it will be ef-
fective only when the topology on R is the one induced by the product
topology on A×A. On the other hand, it is well known that the cate-
gory T(Comp) of compact Hausdorff algebras is exact for any algebraic
theory T (see [4], for instance), so that T(Comp)
Xex/reg
= T(Comp) in
that case.
4. Protomodularity
In order to deal with semi-localizations of protomodular categories,
we need to reformulate the notion of protomodularity in terms of prop-
erties of relations. This new characterization is inspired by the results
of Zurab Janelidze [32] in the pointed context. In the following section
we shall use the characterization of protomodularity in Theorem 4.8 to
prove that if X is a regular protomodular category, then Xex/reg is also
protomodular.
Let C be a category with pullbacks, and
R
d //
c
// X
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a relation on X in C, seen as a subobject of X × X . If x and y are
morphisms Y → X and the induced map
(
x
y
)
: Y // X ×X
factors through R, we write xRy, relying on context to make it clear
that we are making an assertion about x and y, rather than forming a
composite in the bicategory Rel(C).
Definition 4.1. We say that a binary relation R is left pseudoreflexive
if there is a morphism e : R → R satisfying de = ce = d. R is right
pseudoreflexive if the opposite relation R◦ is left pseudoreflexive, and
pseudoreflexive if both R and R◦ are left pseudoreflexive.
Remark 4.2. Such an e is clearly unique if it exists, and to say that
it exists is to say that dRd. More generally, if xRy, then we have
x = dz and y = cz for a unique z, and now dez = dz = x and
cez = dz = x, and so xRx. Thus the condition says that xRy implies
xRx, and so agrees with the definition of left pseudoreflexive relation
given in [32]. In terms of generalized elements, e maps (x, y) to (x, x).
This description makes it clear that e is idempotent; alternatively, this
follows form the facts that dee = de and cee = de = ce and the fact
that d and c are jointly monomorphic.
Definition 4.3. We say that a morphism f : Y → X exhibits R as left
pseudosymmetric if, when we form the pullback
Z
q //
p

R
d

Y
f
// X
there is a morphism g : Z → R with dg = cq and cg = fp. We say that
R is left pseudosymmetric if there is such an f .
Remark 4.4. In terms of generalized elements, this says that (fz)Ry
implies yR(fz). Clearly if f exhibits R as left pseudosymmetric, then
so does any composite fa, and in particular so does fp. But if R is
also left pseudoreflexive, then ceq = deq = dq = fp, and so (fp)R(fp).
Thus if R is left pseudosymmetric and left pseudoreflexive, then we can
choose our f so that fRf .
Remark 4.5. In the case where C is pointed, we always have 0R0, and
so R is left pseudosymmetric if and only if 0Ry implies that yR0; in
other words, we may always take f to be the zero map 0→ X . Thus in
this pointed context, R is left pseudosymmetric if and only if it is left
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0-symmetric in the sense of [32]. We refer the reader also to [1], where
the notion of 0-symmetric relation was first introduced for varieties of
universal algebras.
Remark 4.6. In the case where C is regular, the conditions defining
pseudoreflexive and pseudosymmetric relations can be expressed in
terms of the calculus of relations. Then R is left pseudoreflexive when
1 ∩ R◦R ≤ R, and right pseudoreflexive when 1 ∩ RR◦ ≤ R◦; while R
is left pseudosymmetric when Rf ≤ R◦f , or equivalently Rff ◦ ≤ R◦,
for some map f : X → X .
We now recall a property that is known to characterize protomodular
categories, and that we shall take as the definition of protomodularity
in the present article:
Definition 4.7. [6] A category C with pullbacks is protomodular if,
given any pullback in C
D
g //
q

E
p

A
f
// B
s
OO
along a split epimorphism p with section s, the pair (g, s) is jointly
strongly epimorphic.
Theorem 4.8. For a category C with finite limits, the following con-
ditions are equivalent:
(a) C is protomodular;
(b) every relation which is left pseudoreflexive and left pseudosymmet-
ric is symmetric;
(c) every relation which is left pseudoreflexive and left pseudosymmet-
ric is pseudoreflexive.
Proof. Suppose (a), and consider a left pseudoreflexive relation
R
d //
c
// X
with corresponding idempotent e : R→ R. Split e as
R
r // I
i // R
with ri = 1. Now dir = de = d = ce = cir, and so di = ci; but since d
and c are jointly monic and i is monic, it follows that di is itself monic.
Furthermore, if dh = ch then deh = dh and ceh = dh = ch, and so
eh = h, and h factorizes through i; thus i is the equalizer of d and c.
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If R is also left pseudosymmetric, we may choose f : Y → X (in
Definition 4.3) in such a way that fRf . Thus f = dh = ch for some
h : Y → R, and so h = ik for some k : Y → I.
We now have pullbacks
Z
q //
p

R
r

Y
k
// I
i
OO
di

Y
f
// X
with dir = de = d, and with r a split epimorphism. Since C is proto-
modular, q and i are jointly strongly epimorphic.
Consider the pullback
S
m //

R
(dc)

R
(cd)
// X ×X
in which m is clearly monic; this represents the intersection R ∩ R◦.
Now f exhibits R as left pseudosymmetric, and the corresponding map
g : Z → R induces a factorization of q through m. On the other hand
di = ci, and so i also factorizes through m. But now since q and i are
jointly strongly epimorphic, it follows that m is invertible, and so that
R is symmetric. This proves that (a) implies (b).
To see that (b) implies (c), observe that for a symmetric relation,
left pseudoreflexivity, right pseudoreflexivity, and pseudoreflexivity are
all equivalent.
To prove that (c) implies (a), suppose that we have a pullback
D
g //
q

E
p

A
f
// B
s
OO
where p has a section s : B → E. We must show that g and s are
jointly strongly epimorphic. Let m : C → E be an arbitrary subobject,
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and consider the relation R defined by the pullbacks
R
n //
q

P
p1 //
p2

E
p

C
m
//
m

E
p
// B
E
(this is indeed a relation because m is a monomorphism). We are going
to show that if g and s factorize through m, then m is invertible.
To give x and y satisfying xRy is equivalently to give u : Y → C and
y : Y → E such that pmu = py (with mu = x). This clearly implies
that pmu = pmu; thus R is left pseudoreflexive.
Next we shall show that g exhibits R as left pseudosymmetric. Now
(gz)Ry means that gz = mu, for some u, and pgz = py. Then py =
pgz = fqz, and so by the universal property of the pullback, there is
a unique v with qv = qz and gv = y. If g factorizes as g = mh, then
y = gv = mhv. Thus py = pgz and y = mhv, and therefore yR(gz);
this proves that R is indeed left pseudosymmetric.
By (c), we may deduce that R is pseudoreflexive, and so in particular
right pseudoreflexive. Now psp = p, and sp = mtp for some t, since s
was assumed to factorize through m. Thus (mtp)R1, and so since R is
right pseudoreflexive 1R1; but this implies that the identity 1 : E → E
factorizes through m, and so that m is invertible. 
Remark 4.9. The previous theorem can be seen as the extension to
non-pointed categories of Theorem 12 in [32].
5. The semi-abelian case
In this section, we prove various analogues of Theorem 3.3 for ex-
act categories satisfying some additional exactness properties, such as
being protomodular or semiabelian. Any category of topological semi-
abelian algebras turns out to be a semi-localization of a semi-abelian
category.
Theorem 5.1. For a category X , the following conditions are equiva-
lent:
(a) X is regular, protomodular, and has stable coequalizers of equiva-
lence relations;
(b) X is a semi-localization of an exact protomodular category C;
(c) X is a semi-localization of an exact protomodular category C, and
the units of the reflection are regular epimorphisms;
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(d) X is regular, is a semi-localization of its exact completion Xex/reg
as a regular category, and Xex/reg is protomodular.
Proof. Just as in the case of Theorem 3.6, we need only show that (b)
implies that X is protomodular, and that Xex/reg is protomodular if X
is so. The first of these follows immediately from the fact that any
full subcategory of a protomodular category closed under finite limits
is itself protomodular; the second from the following proposition. 
Proposition 5.2. If X is a regular protomodular category, then its
exact completion Xex/reg is also protomodular.
Proof. Let R be a left pseudoreflexive and left pseudosymmetric rela-
tion in Xex/reg on an object A. Cover A with a regular epimorphism
p : X → A, where X ∈ X . Now let S = p◦Rp. This is a relation in X ,
and
1 ∩ S◦S = 1 ∩ p◦R◦pp◦Rp
= 1 ∩ p◦R◦Rp
≤ p◦p ∩ p◦R◦Rp
= p◦(1 ∩ R◦R)p
≤ p◦Rp
= S
so that S is left pseudoreflexive.
Suppose that there is a morphism f : B → A in Xex/reg for which
Rf ≤ R◦f ; then we claim that there exists such a morphism with
B ∈ X . For if B /∈ X , then we may cover it by some g : Y → B with
Y ∈ X , and now restricting the inequality Rf ≤ R◦f along g we obtain
an inequality Rfg ≤ R◦fg.
Suppose then that B ∈ X and that f : B → A satisfies Rf ≤ R◦f .
Form the pullback
Y
g //
q

X
p

B
f
// A
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and note that Y is a subobject of the X -object B × X , and so itself
lies in X . Now
Sg = p◦Rpg
= p◦Rfq
≤ p◦R◦fq
= p◦R◦pg
= S◦g
and so S is also left pseudosymmetric. Since X is protomodular, S is
in fact symmetric by Theorem 4.8 . But now
R = pp◦Rpp◦ = pSp◦ = pS◦p◦ = (pSp◦)◦ = R◦
and so R is symmetric. Thus Xex/reg is protomodular by Theorem 4.8
once again. 
We now turn to the case of semi-abelian categories. Recall that a
homological category is semi-abelian [28] when it is also exact, and
has binary coproducts. The categories of groups, rings, Lie algebras,
crossed modules, and C∗-algebras are all semi-abelian. On the other
hand, the categories Grp(Top) of topological groups and Grp(Haus) of
Hausdorff groups are homological, but not semi-abelian.
Theorem 5.3. For a category X , the following conditions are equiva-
lent:
(a) X is homological, and has binary coproducts and stable coequalizers
of equivalence relations;
(b) X is a semi-localization of a semi-abelian category C;
(c) X is a semi-localization of a semi-abelian category C, and the units
of the reflection are regular epimorphisms;
(d) X is regular, is a semi-localization of its exact completion Xex/reg
as a regular category, and Xex/reg is semi-abelian.
Proof. Once again, the implications (d) ⇒ (c) and (c) ⇒ (b) are
straightforward, and (b) ⇒ (a) follows from previous theorems and
the fact that any full reflective subcategory of a pointed category with
binary coproducts is itself pointed and has binary coproducts. Finally
to prove (a) ⇒ (d) we should prove that Xex/reg is pointed and has
binary coproducts for any X as in (a).
The zero object of X defines a functor 1→ X which is both left and
right adjoint to the unique functor X → 1. Both of these functors are
regular, and so the adjunctions pass to the exact completions. This
proves that Xex/reg has a zero object.
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As for binary coproducts, an argument which appeared in [23] can be
adapted to our purposes. Any two objects of Xex/reg can be presented
as coequalizers of equivalence relations
R
//
// X // A
S
//
// Y // B
with X , Y , R, and S all in X . The coproduct
R + S
//
// X + Y
need not define an equivalence relation on X + Y . On the other hand
it does certainly define a reflexive graph, so its regular image is a re-
flexive relation on X + Y . But X is protomodular, and so a Mal’tsev
category; thus this reflexive relation is in fact an equivalence relation,
and therefore has a coequalizer X + Y → C. Furthermore this map
X+Y → C is clearly also the coequalizer of the reflexive graph defined
by R + S. Now C is the coproduct of A and B by commutativity of
colimits with colimits. 
In a pointed protomodular category X , a morphism m : X → Y is
said to be Bourn-normal [7] if there is an equivalence relation R on Y
and a discrete fibration
X ×X //
pi2

pi1

R

X
m
// Y.
It turns out that such an m is necessarily a monomorphism. For any
equivalence relation
R
d //
c
// Y
on Y , we may obtain a Bourn-normal monomorphism m : X → Y
by composing c : R → Y with the kernel X → R of d : R → Y . This
defines an isomorphism between the poset of equivalence relations on Y
and the poset of Bourn-normal subobjects of Y [3, Proposition 3.2.12].
If the category X is exact, then the Bourn-normal morphisms coincide
with the normal monomorphisms, but in general this is false. For
instance, monomorphisms and Bourn-normal monomorphisms coincide
in the category Ab(Top) of topological abelian groups, but they are not
necessarily normal monomorphisms.
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Observe that, in the protomodular context, giving a coequalizer of
an equivalence relation is equivalent to giving a cokernel of the corre-
sponding Bourn-normal monomorphism.
We say that the cokernel q of a morphism x is stable if, for any f as
in the diagram below,
P
u

v // D
f

A
x
//
x′
??
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
B
q
// C
if we form the pullback P and the unique induced x′ for which ux′ = x
and vx′ = 0, then v is the cokernel of x′.
This allows the following further reformulation:
Proposition 5.4. A category X is a semi-localization of a semi-abelian
category if and only if it is homological, has binary coproducts, and
every Bourn-normal monomorphism has a stable cokernel.
We may analyze further, in a homological category X , the condition
that Bourn-normal monomorphisms have stable cokernels. Suppose
then that m : A→ B is Bourn-normal. If it has a cokernel q : B → C,
we may form the kernel k : K → B and the unique factorizationm = kn
of m through k. Now pullback q along 0→ C to get a diagram
K
0 //
k

0

A
n
>>
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
m
// B
q
// C.
Stability of the cokernel q implies thatK → 0 is the cokernel of n. Thus
the Bourn-normal monomorphism factorizes as a morphism with trivial
cokernel (itself necessarily a Bourn-normal monomorphism) followed by
a normal monomorphism.
Suppose conversely that every Bourn-normal m : A→ B in a homo-
logical category X factorizes as a morphism n : A → K with trivial
cokernel followed by a normal monomorphism k : K → B. Then k is
the kernel of some morphism f : B → D, but we can factorize f as a reg-
ular (=normal) epimorphism q : B → C followed by a monomorphism
j : C → D. Now k is the kernel of f = jq, but j is a monomorphism
and so k is also the kernel of q. Since q is a cokernel of some map, it is
the cokernel of its kernel k. Since n has trivial cokernel, q is also the
cokernel of m = kn; thus the Bourn-normal m does have a cokernel.
SEMI-LOCALIZATIONS OF SEMI-ABELIAN CATEGORIES 21
Now consider a pullback
B′
g′

q′ // C ′
g

A
n
// K
k
//
k′
>>
⑥
⑥
⑥
⑥
⑥
⑥
⑥
⑥
B
q
// C
of q by an arbitrary morphism g, and let k′ be the unique arrow sat-
isfying q′k′ = 0 and g′k′ = k. Then k′ is the kernel of the normal
epimorphism q′, and so q′ is the cokernel of k′. From the fact that n
has trivial cokernel it then follows that q′ is also the cokernel of k′n.
This proves that the cokernel q of kn = m is stable. We record this as:
Proposition 5.5. A category X is a semi-localization of a semi-abelian
category if and only if it is homological, has binary coproducts, and ev-
ery Bourn-normal monomorphism factorizes as a morphism with trivial
cokernel followed by a normal monomorphism.
Finally, we combine all the characterizations into a single theorem:
Theorem 5.6. For a category X , the following conditions are equiva-
lent:
(a) X is homological, and has binary coproducts and stable coequalizers
of equivalence relations;
(b) X is a semi-localization of a semi-abelian category C;
(c) X is a semi-localization of a semi-abelian category C, and the units
of the reflection are regular epimorphisms;
(d) X is regular, is a semi-localization of its exact completion Xex/reg
as a regular category, and Xex/reg is semi-abelian;
(e) X is homological, has binary coproducts, and stable cokernels of
Bourn-normal monomorphisms;
(f) X is homological, has binary coproducts, and every Bourn-normal
monomorphism factorizes as a monomorphism with trivial cokernel
followed by a normal monomorphism;
(g) X is a torsion-free subcategory of a semi-abelian category.
Proof. The equivalence of all conditions but the last has been proved
in this section; it remains to recall from Section 1 that the torsion-
free subcategories of a homological category C (and so in particular
of a semi-abelian category C) are the semi-localizations of C whose
reflections have regular epimorphic units. 
Example 5.7. Let T be a semi-abelian algebraic theory: this means
that T has a unique constant 0, binary terms αi(x, y) (for i ∈ {1, · · · , n})
and an (n + 1)-ary term β such that the identities αi(x, x) = 0 (for
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i ∈ {1, · · · , n}) and β(α1(x, y), · · · , αn(x, y), y) = x hold [10]. The cat-
egory T(Top) of topological semi-abelian algebras is homological [4],
with regular epimorphisms given by open surjective homomorphisms,
and this category clearly has binary coproducts (it is actually cocom-
plete). Given any Bourn-normal monomorphism n : (N, τN)→ (G, τG)
in T(Top), take the canonical quotient piG : (G, τG)→ (G/N, τq), where
G/N is the quotient algebra of G by its normal subalgebra N , equipped
with the quotient topology τq. The kernel k : (N, τi) → (G, τG) of pi
in T(Top) is such that τi is the topology on N induced by τG. The
canonical factorization m : (N, τN)→ (N, τi) making the following tri-
angle commute is then the identity map in the underlying semi-abelian
variety T(Set):
(N, τi)
k

(N, τN)
m
99
s
s
s
s
s
s
s
s
s
n
// (G, τG) pi
// (G/N, τq)
It follows that any Bourn-normal morphism factorizes as a Bourn-
normal monomorphism m with trivial cokernel followed by a normal
monomorphism k. Any category T(Top) of topological semi-abelian al-
gebras is then the semi-localization of a semi-abelian category by Theo-
rem 5.6 (f). A similar argument also applies to the category T(Haus) of
Hausdorff semi-abelian algebras, which is then also a semi-localization
of a semi-abelian category. Of course, one could take T to be the the-
ory of groups, so that in particular this result applies to the categories
Grp(Top) and Grp(Haus) of topological groups and of Hausdorff groups,
respectively.
Example 5.8. Let C = Grp be the category of groups. It is well
known that any torsion-free subcategory X of Grp contains all free
groups, so that in particular for any group G in X there is a normal
epimorphism p : X → G, where X ∈ X (see [18], for instance). Since
the inclusion of X into Grp is a fully faithful regular functor, and X is
closed in Grp under subgroups, it follows by Proposition 2.3 that the
exact completion of X as a regular category is the category of groups:
Xex/reg = Grp. The same arguments show that the category Ab of
abelian groups is the exact completion of any torsion-free subcategory,
as a regular category.
Remark 5.9. We now give an example showing that a regular category
having the property that regular epimorphisms are effective descent
morphisms is not necessarily a semi-localization of an exact category.
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Let C be the category of abelian groups equipped with a commuta-
tive bilinear multiplication, not necessarily associative or unital. This
category is a semi-abelian variety. Let X be the full subcategory con-
sisting of those objects A with the property that a2 = 0 implies a = 0.
This is clearly closed in C under limits; it is also closed under subob-
jects and extensions (although not under quotients), so that for any
short exact sequence
0 // K // A // B // 0
in C, the object A lies in X whenever both K and B do so. Then X
is reflective in C, each component ηA of the unit of the adjunction is a
regular epimorphism, and X is homological with binary coproducts. It
follows that, in pullback (3.1), the object A is in X whenever E ×B A,
E and B belong to X , and so that regular epimorphisms in X are
effective for descent since they are so in the semi-abelian category C.
Furthermore, the fact that free algebras in C lie in X implies that
any object C ∈ C has a regular epimorphism X → C with X ∈ X , and
now by Proposition 2.3 the category C is the exact completion of the
regular category X .
On the other hand, X is not a torsion-free subcategory of C, as was
proved in [31]; thus by Theorem 5.6 X cannot be a semi-localization of
any semi-abelian category. It is not hard to adapt the argument of [31]
to construct a particular equivalence relation in X whose coequalizer
is not stable under pullback.
6. Hereditary torsion theories
In this section we give a characterization of hereditarily-torsion-free
subcategories of semi-abelian categories.
Given a torsion theory (T ,X ) in a semi-abelian category C, the
torsion-free subcategory X is always closed under subobjects, while
the torsion subcategory T is closed under quotients. When the torsion
subcategory is also closed under subobjects, the torsion theory is said
to be hereditary. In terms of the torsion-free part, the torsion theory is
hereditary when the following property holds: if B → C is a monomor-
phism and LC = 0 then also LB = 0. This is due to the fact that the
objects in T consists of the objects C in C for which LC = 0.
Theorem 6.1. For a category X the following conditions are equiva-
lent:
(a) X is a hereditarily-torsion-free subcategory of a semi-abelian cate-
gory;
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(b) X is a torsion-free subcategory of a semi-abelian category C with the
property that the reflector L : C → X preserves monomorphisms;
(c) X is homological, has binary coproducts, every Bourn-normal mono-
morphism factorizes as a Bourn-normal monomorphism with triv-
ial cokernel followed by a normal monomorphism, and the Bourn-
normal monomorphisms with trivial cokernel are stable under pull-
back.
Proof. The equivalence between the first two conditions is known (see
Lemma 5.2 in [9]).
Suppose then that X is a torsion-free subcategory of a semi-abelian
category C, with monomorphism preserving reflector L : C → X . We
are going to prove that Bourn-normal monomorphisms in X with trivial
cokernel are stable under pullback, so that (c) will hold.
A Bourn-normal monomorphism in X is also a Bourn-normal monomor-
phism in C, since the inclusion X → C preserves finite limits; but a
Bourn-normal monomorphism in the semi-abelian category C is in fact
a normal monomorphism.
Let e : A → B be a Bourn-normal monomorphism with trivial cok-
ernel in X , and b : B′ → B an arbitrary morphism in X . Construct the
diagram
A′
e′ //
a

B′
q′ //
b

C ′
c

A
e
// B
q
// C
in which the square on the left is a pullback, q is the cokernel in C of
e, and q′ and c are obtained via the image factorization of qb. Bourn-
normal monomorphisms are always stable under pullback; we need to
prove that e′ has trivial cokernel.
If q′f = 0 for a morphism f in C, then qbf = cq′f = 0 and so
bf = eg for a unique g; thus by the universal property of the pulllback,
f factorizes (necessarily uniquely) as f = e′h. Thus e′ is the kernel of
q′. But q′ is a regular epimorphism in C, thus it is the cokernel of its
kernel, namely e′. The cokernel in X of e is (as an object) given by
LC; we are assuming that this is 0. The assumption that L preserves
monomorphisms implies that L(c) is a monomorphism, and LC ′ = 0.
Since q′ : B′ → C ′ is the cokernel in C of e′, this implies that e′ has
trivial cokernel (in X ) as required.
Finally, suppose that X satisfies (c), so that it is a torsion-free sub-
category of some semi-abelian category C, and so in particular ofXex/reg,
and suppose further that Bourn-normal monomorphisms with trivial
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cokernel in X are stable under pullback. Write L : Xex/reg → X for
the reflection. We need to show that if LA = 0 and m : B → A is a
monomorphism, then LB = 0.
We can cover A via a normal epimorphism q : X → A with X ∈ X .
Write k : K → X for the kernel of q; since X is closed under subobjects
also K ∈ X . Consider the diagram
Y
p //
n

B
m

K
h
>>
⑥
⑥
⑥
⑥
⑥
⑥
⑥
⑥
k
// X
q
// A
in which the square is a pullback and h is the unique morphism with
nh = k and ph = 0. By stability of cokernels of Bourn-normal
monomorphisms, p is the cokernel of h. Since n is a pullback of the
monomorphism m it is itself a monomorphism; it follows that h is the
pullback of k along n. By our assumption, then, h is a Bourn-normal
monomorphism with trivial cokernel (in X ); but this cokernel is LB,
and so LB = 0 as required. 
Example 6.2. Let C be a semi-abelian category, and write Eq(C) and
Grpd(C) for the categories of (internal) equivalence relations and of
(internal) groupoids in C, respectively. The category Grpd(C) is itself
semi-abelian [8], and Eq(C) is easily seen to be a reflective subcategory
of Grpd(C) with the property that the units of the reflection are reg-
ular epimorphisms. As shown in [9], the category Eq(C) actually is a
hereditarily-torsion-free subcategory of Grpd(C), so that it satisfies the
equivalent conditions of Theorem 6.1. Since for any groupoid X in C
there is a regular epimorphism E → X in Grpd(C) whose domain E is
an equivalence relation in C, it follows that the category Grpd(C) is the
exact completion of Eq(C) as a regular category: Eq(C)ex/reg = Grpd(C).
Remark that the category Grpd(C) is a variety (of universal algebras)
whenever C is a semi-abelian variety, so that Eq(C) is a quasivariety,
in this case. In particular, when C is the semi-abelian variety Grp of
groups, the category of equivalence relations becomes the quasivariety
Norm of normal monomorphisms of groups. This category is then a
semi-localization of the semi-abelian category XMod of crossed mod-
ules, which is known to be equivalent to the category Grpd(Grp) of
internal groupoids in the category of groups. Accordingly, the cate-
gory of crossed modules can be seen as the exact completion of the
category of normal monomorphisms: Normex/reg = XMod.
Example 6.3. A commutative ring A is reduced if the implication
an = 0 ⇒ a = 0 holds for any element a ∈ A. The category RedRng
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of reduced rings is a hereditarily-torsion-free subcategory of the semi-
abelian category CRng of commutative rings (not necessarily with units).
Any commutative ring is a quotient of a free commutative ring, which
belongs to RedRng, so that the full inclusion of RedRng in CRng can be
seen as the inclusion of RedRng into its exact completion RedRngex/reg.
The category RedRng then satisfies the equivalent conditions of Theo-
rem 6.1.
7. The abelian case
We now turn to torsion-free subcategories of abelian categories.
Theorem 7.1. For a category X , the following conditions are equiva-
lent:
(a) X is regular, additive, and has stable coequalizers of equivalence
relations;
(b) X is a semi-localization of an abelian category C;
(c) X is a semi-localization of an abelian category C, and the units of
the reflection are regular epimorphisms;
(d) X is regular, is a semi-localization of its exact completion Xex/reg
as a regular category, and Xex/reg is additive;
(e) X is regular, additive, and has stable cokernels;
(f) X is additive, every morphism f : A→ D has a factorization
A
q // B
g // C
k // D
where q is a regular epimorphism, g is an epimorphism and a
monomorphism, and k is a regular monomorphism; and regular
(=normal) epimorphisms are pullback stable;
(g) X is a torsion-free subcategory of an abelian category.
Proof. Any full subcategory of an additive category which is closed
under finite products will be additive. Thus for the equivalence of the
first four conditions it will suffice to prove that if X is additive and
regular then Xex/reg is additive. First we show that Xex/reg is semi-
additive. For this it is convenient to use the characterization of semi-
additivity given in [35]: a category with finite products and coproducts
is semi-additive if and only if it has a natural family of isomorphisms
X + Y ∼= X × Y . Equivalently, this says that the diagonal functor
X → X × X has a left adjoint which is also a right adjoint. But then
this adjunction lives in the 2-category of regular categories, and so
passing to Xex/reg we get corresponding adjunctions in the 2-category
of exact categories. Thus Xex/reg is semi-additive.
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In a semi-additive category each hom-set has a natural structure of
commutative monoid. The semi-additive category will be additive if
and only if each identity morphism has an inverse in the corresponding
commutative monoid. Any object A ∈ Xex/reg can be covered by an
object X ∈ X using a regular epimorphism p : X → A. Now 1X : X →
X has inverse −1X , since X is additive, and the composite p(−1X) will
be inverse to p. For any morphism b : B → X we have pb = 0 if and
only if (−p)b = 0; it follows that −p factorizes uniquely through p as
a morphism −1A : A→ A, and it is straightforward to show that −1A
is inverse to 1A.
This proves that the first four conditions are all equivalent to the last;
we now turn to the remaining two, using Theorem 5.6 and the fact that
in an additive category the Bourn-normal morphisms are precisely the
monomorphisms [3, Theorem 3.2.16].
Thus in Theorem 5.6(e), the condition that Bourn-normal monomor-
phisms have stable cokernels becomes the condition that all monomor-
phisms have stable cokernels. But since any morphism factorizes as a
regular epimorphism followed by a monomorphism, this is equivalent
to the condition that all morphisms have stable cokernels.
Similarly in Theorem 5.6(f), we get factorizations of arbitrary mono-
morphisms into a monomorphism with trivial cokernel and a normal
(=regular) monomorphism. It remains to observe that in an additive
category a morphism has trivial cokernel if and only if it is an epimor-
phism. 
The condition appearing in (f) above says precisely that X is almost
abelian in the sense of Rump [40], where the equivalence of (f) and
(g) was also proved. As explained in [40] the categories of real (or
complex) normed vector spaces, Banach spaces (with bounded linear
maps as morphisms), and also the category of locally compact abelian
groups are all examples of almost abelian categories.
We can now combine this with Theorem 6.1 to give a characterization
of hereditarily-torsion-free subcategories of abelian categories.
Theorem 7.2. A category X is a hereditarily-torsion-free subcategory
of an abelian category if and only if it is additive and every morphism
f : A→ D has a factorization
A
q // B
g // C
k // D
where q is a regular epimorphism, g is an epimorphism and a monomor-
phism, and k is a regular monomorphism; and if furthermore, these
factorizations are stable under pullback.
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Proof. Monomorphisms and regular monomorphisms are always stable
under pullback; stability of regular epimorphisms is regularity, which
was needed already for a torsion-free subcategory; stability of epimor-
phisms which are monomorphisms is the extra ingredient from Theo-
rem 6.1. 
This characterization was also given in [40]; there the name integral
almost abelian was used for such a category. The characterization is
simpler than that given in [12], but in that paper the authors developed
a framework that could be used both for pretoposes and abelian cat-
egories. In particular, the assumption made in [12] that every strong
equivalence relation is effective is not needed in the additive context.
References
[1] P. Agliano and A. Ursini. Ideals and other generalizations of congruence
classes. J. Austral. Math. Soc. Ser. A 53, 10–115, 1992. 14
[2] F. Borceux, M.M. Clementino, M. Gran, and L. Sousa. Protolocalisations of
homological categories, J. Pure Appl. Algebra, 212, 1898–1927, 2008. 3
[3] F. Borceux and D. Bourn.Mal’cev, protomodular, homological and semi-abelian
categories, volume 566 of Mathematics and its Applications. Kluwer Academic
Publishers, Dordrecht, 2004. 3, 19, 27
[4] F. Borceux and M.M. Clementino. Topological semi-abelian algebras. Adv.
Math. 190, 425–453, 2005. 12, 22
[5] F. Borceux and G. Janelidze. Galois theories, volume 72 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, 2001. 4
[6] D. Bourn. Normalization equivalence, kernel equivalence and affine categories.
Category theory (Como, 1990), 43–62, Lecture Notes in Math., 1488, Springer,
Berlin, 1991. 3, 14
[7] D. Bourn. Normal subobjects and abelian objects in protomodular categories,
J. Algebra, 228, 143–164, 2000. 19
[8] D. Bourn and M. Gran. Central extensions in semi-abelian categories. J. Pure
Appl. Algebra 175, 31–44, 2002. 25
[9] D. Bourn and M. Gran. Torsion theories in homological categories. J. Algebra,
305(1):18–47, 2006. 3, 5, 24, 25
[10] D. Bourn and G. Janelidze. Characterization of protomodular varieties of uni-
versal algebras. Th. Appl. Categ. 11, 143-147, 2003. 22
[11] A. Carboni, J. Lambek, and M.C. Pedicchio. Diagram chasing in Mal’cev cat-
egories, J. Pure Appl. Algebra 69, 271–284, 1991. 6, 11
[12] A. Carboni and S. Mantovani. An elementary characterization of categories of
separated objects. J. Pure Appl. Algebra, 89(1-2):63–92, 1993. 5, 28
[13] C. Cassidy, M. He´bert and G.M. Kelly. Reflective subcategories, localizations
and factorizations systems, J. Austral. Math. Soc., 38, 287–329, 1985. 4
[14] M. M. Clementino, D. Dikranjan, and W. Tholen. Torsion theories and radicals
in normal categories. J. Algebra, 305(1):98–129, 2006. 3, 5
[15] S. C. Dickson, A torsion theory for abelian categories, Trans. Amer. Math.
Soc., 21, 223–235, 1966. 3
SEMI-LOCALIZATIONS OF SEMI-ABELIAN CATEGORIES 29
[16] T. Everaert and M. Gran. Homology of n-fold groupoids. Th. Appl. Categ. 23,
22-41, 2010. 11
[17] T. Everaert and M. Gran. Protoadditive functors, derived torsion theories and
homology, J. Pure Applied Algebra, 219, 8, 3629-3676, 2015. 3, 4, 5
[18] T. Everaert and M. Gran. Monotone-light factorisation systems and torsion
theories. Bull. Sc. Mathe´m., 137: 996-1006, 2013. 3, 22
[19] P. J. Freyd and A. Scedrov. Categories, allegories, volume 39 of North-Holland
Mathematical Library. North-Holland Publishing Co., Amsterdam, 1990. 5, 6
[20] P. Gabriel. Des cate´gories abe´liennes. Bull. Soc. Math. France, 90:323-448,
1962.
[21] P. Gabriel and N. Popescu. Caracte´risation des cate´gories abe´liennes avec
ge´ne´rateurs et limites inductives exactes. C. R. Acad. Sci. Paris, 258:4188-
4190, 1964. 2
[22] R. Garner and S. Lack. Grothendieck quasitoposes. J. Algebra, 355:111–127,
2012.
[23] M. Gran. Semi-abelian exact completions. Homology Homotopy Appl., 4(1),
175–189, 2002. 19
[24] M. Gran and Z. Janelidze. Star regularity and regular completions, J. Pure
Appl. Algebra, 218, 1771–1782, 2014. 5
[25] M. Gran, G. Kadjo, and J. Vercruysse. A torsion theory in the category of
cocommutative Hopf algebras. Appl. Categ. Struct., published online, 2015. 3
[26] M. Gran and V. Rossi. Torsion theories and Galois coverings of topological
groups, J. Pure Appl. Algebra, 208, 135–151, 2007. 3
[27] A. Grothendieck. Sur quelques points d’alge`bre homologique, Toˆhoku Math.
J., (2) 9, 119–221, 1957. 2
[28] G. Janelidze, L. Ma´rki and W. Tholen, Semi-abelian categories, J. Pure Appl.
Algebra 168, 367–386, 2002. 3, 18
[29] G. Janelidze, M. Sobral and W. Tholen. Beyond Barr exactness: Effective De-
scent Morphisms in Categorical Foundations - Special Topics in Order, Topol-
ogy, Algebra and Sheaf Theory Eds. M.C. Pedicchio, W. Tholen, Cambridge
Univ. Press, Encycl. Math. Applications 97, 359-405, 2004. 10
[30] G. Janelidze and W. Tholen. Facets of descent I, Appl. Categ. Structures, 2(3):
245-281, 1994. 10
[31] G. Janelidze and W. Tholen. Characterization of torsion theories in general
categories. In Categories in algebra, geometry and mathematical physics, vol-
ume 431 of Contemp. Math., pages 249–256. Amer. Math. Soc., Providence,
RI, 2007. 3, 5, 23
[32] Z. Janelidze. Closedness properties of internal relations. III. Pointed proto-
modular categories. Appl. Categ. Structures, 15(3):325–338, 2007. 5, 12, 13,
14, 16
[33] P.T. Johnstone and M.C. Pedicchio. Remarks on continuous Mal’cev algebras.
Rend. Istit. Mat. Univ. Trieste, 25 (1-2) 277–297, 1993. 12
[34] S. Lack. A note on the exact completion of a regular category, and its infinitary
generalizations. Theory Appl. Categ., 5:No. 3, 70–80 (electronic), 1999. 5, 6
[35] S. Lack. Non-canonical isomorphisms. J. Pure Appl. Algebra, 216(3):593–597,
2012. 26
[36] F.W. Lawvere. Theory of categories over a base topos. (the “Perugia notes”),
1973. 6
30 MARINO GRAN AND STEPHEN LACK
[37] S. Mantovani. Semilocalizations of exact and lextensive categories. Cahiers
Topologie Ge´om. Diffe´rentielle Cate´g., 39(1):27–44, 1998. 4, 5, 8, 10
[38] M.C. Pedicchio and J. Rosicky´. Localizations of varieties and quasivarieties, J.
Pure Appl. Algebra, 148(3) 275–284, 2000. 4
[39] J. Rosicky´ and W. Tholen, Factorization, fibration and torsion. J. Homotopy
Relat. Struct. 2, 295–314, 2007. 3, 4
[40] W. Rump. Almost abelian categories. Cahiers Topologie Ge´om. Diffe´rentielle
Cate´g., 42(3):163–225, 2001. 5, 27, 28
[41] R. Succi Cruciani. La teoria delle relazioni nello studio di categorie regolari e
di categorie esatte. Riv. Mat. Univ. Parma (4), 1:143–158, 1975. 5, 6
Institut de Recherche en Mathe´matique et Physique, Universite´
catholique de Louvain, Chemin du Cyclotron 2, 1348 Louvain-la-Neuve,
Belgium
E-mail address : marino.gran@uclouvain.be
Department of Mathematics, Macquarie University NSW 2109, Aus-
tralia
E-mail address : steve.lack@mq.edu.au
